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The reduction theory of arithmetic groups . Arithmetic groups are groups of matrices with integral coefficients. They first appeared in the work of Gauss, Minkowski and others on the arithmetic theory of quadratic forms. Their reduction theory consists in showing that, after a linear change of variables with integral coefficients, any quadratic form can be forced to satisfy an appropriate set of inequalities.
Around 1940, Siegel developed a general theory of arithmetic subgroups of classical groups, and the corresponding reduction theory. Later on, once Chevalley, Borel, Tits and others had developed the general theory of algebraic groups, one could speak of the arithmetic subgroups of any linear algebraic group over Q. Borel et al. extended the work of Siegel to arbitrary arithmetic groups.
These groups play a fundamental role in number theory, and especially in the study of automorphic forms, which can be viewed as complex valued functions on a symmetric domain which are invariant under the action of an arithmetic group. In the last ten years, it appeared that some arithmetic groups are the symmetry groups of several string theories. This is probably why this survey fits into these proceedings.
In a first chapter we shall describe the classical reduction theory of quadratic forms. After describing the action of SL 2 (Z) on the Poincaré upper half-plane (Theorem 1) we explain how Siegel defined a fundamental domain for the action of GL N (Z) on real quadratic forms in N variables (Theorem 2). We then proceed with the general definition of linear algebraic groups over Q and their arithmetic subgroups ( § 3). An important example is a construction of Chevalley which defines an arithmetic group G(Z) when given any root system Φ together with a lattice between the root lattice and the weight lattice of Φ (3.3). In 3.4 (and in the Appendix) we explain how the group E 7 (Z) of [10] is an example of this construction. We then describe the general construction of Siegel sets and the reduction theory of arithmetic groups (Theorem 4). In particular, it follows that any arithmetic subgroup of a semi-simple algebraic group over Q has finite covolume in its real points.
The second chapter deals with several algebraic properties of arithmetic groups. As a consequence of reduction theory, we show that these groups are finitely generated. In fact they admit a finite presentation (Theorem 6). We give some explicit presentations of SL N (Z), N ≥ 2, and of the Chevalley groups G(Z) (5.6-5.8). We then show that, up to conjugation, arithmetic groups contain only finitely many finite subgroups (Theorem 7). Furthermore, they always contain a torsion free subgroup of finite index (Theorem 8). Following Minkowski, one can compute the least common multiple of the order of the finite subgroups of GL N (Z) (6.3). Coming back to N = 2, we prove that any torsion free subgroup of SL 2 (Z) is a free group (Theorem 10). We conclude this section with the open problem, raised by Nahm, of finding the minimal index of torsion free subgroups of SL N (Z), N ≥ 3.
One of the main properties of arithmetic groups is their "rigidity" inside the corresponding algebraic and Lie groups, at least when their rank is bigger than one. A lot of work has been accomplished on this theme. We start Chapter 3 with the congruence subgroup property, which states that any subgroup of finite index in Γ contains the group of elements congruent to the identity modulo some integer. This property holds for arithmetic subgroups of simple simply connected Chevalley groups of rank bigger than one (Theorem 13), but it is wrong for SL 2 (Corollary 18). When studying that problem, Bass, Milnor and Serre discovered that, under suitable hypotheses, any linear representation of Γ over Q coincides with an algebraic representation on some subgroup of finite index (Proposition 14) . This important rigidity property has many consequences, including the fact that the abelianization of Γ is finite (Corollary 17).
